We use Kaluza-Klein reduction to construct flat-space massive spin-2 Lagrangians based on a kinetic term that has local Weyl and transverse-diffeomorphism gauge symmetries in the massless limit. This yields Lagrangians describing a free massive spin-2 which differ from the usual Fierz-Pauli theory, but are physically equivalent to it. These Lagrangians require the use of auxiliary fields, which appear naturally from the higher-dimensional construction. We discuss how these Lagrangians are related to each other and to the Fierz-Pauli theory through Stückelberg transformations, gaugefixings, and field replacements, and we use this to generalize the construction to spin-2 fields on Einstein manifolds.
Introduction
A Lagrangian for a massive spin-2 field in four dimensions was first constructed by Fierz and Pauli [1] . As pointed out in that paper, setting the mass to zero in their theory gives the Lagrangian for the two propagating degrees of freedom of a massless spin-2 field in four-dimensional Minkowski space. This massless theory is the linearization of the EinsteinHilbert action about a flat background, and its Lagrangian possesses linearized diffeomorphisms as a gauge symmetry.
However, linearized General Relativity (GR) is not the unique way to describe the helicity states of a free massless spin-2 field using an unconstrained symmetric rank-2 tensor.
There is an alternative Lagrangian, sometimes called WTDiff 4 , that has as gauge symmetries linearized local Weyl transformations and linearized volume preserving diffeomorphisms 5 .
However, unlike in the Fierz-Pauli theory, there is no naive mass term that can be added to the WTDiff Lagrangian to give a theory that propagates the five degrees of freedom of a massive spin-2 field in four dimensions -any such term gives a theory with six degrees of freedom, even the mass term consistent with the Weyl symmetry [3] .
In the many years following the Fierz-Pauli construction, attempts were made to generalize their theory by adding self-interactions to give a nonlinear theory of massive gravity.
This was long believed to be impossible due to the generic presence of an extra degree of freedom (known as the Boulware-Deser ghost [12] ). However, recently a nonlinear ghost-free generalization of the Fierz-Pauli action has been found [13, 14] , thus initiating a recent surge of interest in massive gravity (see [15, 16] for reviews). More specifically, there has been some interest in finding the possible spin-2 kinetic terms on which one can build such nonlinear theories [17] [18] [19] [20] [21] .
In this paper we revisit the linear WTDiff theory and attempt to find massive theories based on this alternative kinetic term. Part of the motivation for this is the fact that the interaction terms which one may find for a degree of freedom can depend on which Lagrangian and gauge symmetries one uses in the linear theory as a starting point. A simple illustration is the following: a massless spin-0 degree of freedom in four dimensions can be described by 4 The first mention of this Lagrangian that we know of is in [2] , whereas the name 'WTDiff,' as well as the first extensive discussion, seems to appear in [3] , see also [4] [5] [6] [7] . For related earlier work, see [8] [9] [10] . 5 Analogous statements also apply for all the higher spins [11] .
either a scalar field, or, through dualization, by a 2-form gauge potential. The former allows zero-derivative self-interactions which preserve the number of degrees of freedom (simply write any potential for the scalar), the latter does not 6 [23] [24] [25] . If one were only aware of the latter formulation, many possible nonlinear theories would be missed. Thus, it is advantageous to know all the possible ways of realizing a desired set of degrees of freedom at the linear level.
Another motivation for considering massive spin-2 theories based on the locally Weylinvariant kinetic term is the connection to unimodular gravity and the concomitant desire to shed light on the coupling of gravity to vacuum energy [26, 27] . The linear WTDiff theory is closely related to unimodular gravity [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] , which is gauge fixed GR plus an extra overall spacetime independent global degree of freedom, enforced through the constraint that the determinant of the metric be fixed. This forbids a cosmological constant term at the level of the action, although because of the Bianchi identities this reappears in the equations of motion as an arbitrary integration constant. In the massive case, a small graviton mass can allow for self-accelerating solutions [38] [39] [40] [41] [42] [43] [44] , giving the possibility of a technically natural solution to the cosmological constant problem [45] [46] [47] if some mechanism for eliminating a large bare cosmological constant can be made to work [48] [49] [50] [51] .
In this paper, we re-examine the question of whether an action for a massive spin-2 based on the WTDiff kinetic term can be constructed. We use a Kaluza-Klein (KK) reduction [52, 53] (see [54] for generalities on the KK reduction of linear theories with gauge symmetry) to find the massive version of the massless WTDiff theory in D dimensions by dimensionally reducing the (D + 1)-dimensional massless theory on a circle and truncating to a single massive mode. This yields a Lagrangian describing the degrees of freedom of a massive spin-2 particle which is based off of a Weyl-invariant kinetic term. However, unlike the Fierz-Pauli case, the extra-dimensional components of the higher-dimensional metric cannot be completely gauged away without reverting the structure of the kinetic term to its Fierz-Pauli form. As a result, the theory contains a non-dynamical auxiliary field whose equations of motion combine with those of the tensor to enforce the constraints appropriate 6 As another example, in higher dimensions, a massless spin-2 can be realized using a symmetric tensor and the standard Fierz-Pauli Lagrangian with linearized diff symmetry, or it can be realized through a dual graviton which uses an exotic mixed symmetry field. The former allows nonlinear interaction terms (the Einstein-Hilbert Lagrangian) but the latter does not [22] .
for a propagating massive spin-2. (In fact, such an auxiliary field was present already in the original construction of Fierz and Pauli, where the spin-2 degrees of freedom were embedded in a symmetric-traceless tensor and an auxiliary scalar helped to enforce a constraint.)
Both the Fierz-Pauli and WTDiff theories propagate the same degrees of freedom, although with different gauge groups in the massless case. The two theories are not directly related by a field re-definition, but they can be realized as different gauge-fixings of a parent theory that has a larger gauge group containing both smaller ones. In the massless case, this parent theory is the linearization of the theory of a conformally coupled scalar [55] and has both unconstrained diffeomorphisms and Weyl transformations as gauge symmetries.
From this theory, we can gauge fix to recover either the massless Fierz-Pauli theory or the massless WTDiff theory. Using KK reductions we generalize this picture to the massive theories, and in particular we construct the massive version of the (linearization of the) conformally coupled scalar theory. This picture of gauge-fixing a parent theory also gives a quick method for obtaining the WTDiff-invariant theories from their fully diff invariant siblings through a non-invertible field replacement, which avoids the KK reduction. We use this to write down the curved-space versions of the above theories, in the case where the background is an Einstein space. We pay particular attention to the formulation of the partially massless theories in this set-up.
Conventions:
We use the mostly plus signature and freely integrate by parts in Lagrangians. D is the number of spacetime dimensions, which we will keep arbitrary, but because both standard gravity and massive gravity have no local degrees of freedom in D = 2, we consider only D ≥ 3.
Flat space massless theories
In this section we review the various Lagrangians which describe a massless spin-2 using a symmetric tensor, and discuss their relationship to each other through gauge-fixings and field replacements, as summarized in Figure 1 . The most general Lorentz invariant quadratic
Lagrangian for a symmetric tensor field h µν on flat space, containing exactly two derivatives,
where the trace is denoted h ≡ h µ µ . Among the four parameters a 1 , . . . , a 4 there are two redundancies: an overall scaling of h µν and the field re-definition h µν → h µν + c hη µν for constant c = −1/D (ensuring invertibility). This leaves a two-parameter family of possibilities.
It turns out that there are precisely two choices of coefficients (up to the aforementioned redundancies) that lead to theories propagating precisely the degrees of freedom of a massless spin two and nothing more 7 [3] . As we now review, these theories, called massless Fierz-Pauli and WTDiff, are characterized by different gauge symmetries. They can also be realized as different gauge-fixings of another massless spin two theory, the linearized conformally coupled scalar-tensor theory. Finally, gauge-fixing the trace to vanish in WTDiff gives the massless spin two theory in terms of a traceless tensor.
Massless Fierz-Pauli
The standard massless Fierz-Pauli Lagrangian in flat space is
This is the linearization of the Einstein-Hilbert Lagrangian, L = 
for a vector gauge parameter ξ µ . The coefficients of (2.2), up to an overall scaling of h µν , are completely fixed by the gauge symmetry (2.3).
Massless WTDiff
The flat-space WTDiff theory is
7 Adding a term bh 2 , with arbitrary constant b, to these massless spin-2 theories does not change the number of local propagating degrees of freedom. However, this term reduces the size of the gauge group in both cases so that the kinetic terms are no longer completely fixed by the gauge symmetry, and introduces an arbitrary integration constant in the Fierz-Pauli theory. We will restrict to the cases with maximal gauge symmetry, but it would be interesting to pursue the dimensional reduction of the more general possibilities.
It is invariant under the gauge symmetries
Here χ is a scalar gauge parameter and ξ T µ is a vector gauge parameter which is required to be transverse: ∂ µ ξ T µ = 0. We can think of χ as a linearized Weyl transformation, and ξ T µ as a linearized volume preserving diffeomorphism. The coefficients in (2.4) are completely fixed, up to overall scaling of h µν , by demanding the gauge symmetry (2.5).
Whilst this Lagrangian describes
propagating local degrees of freedom, there is a slight subtlety in interpreting these as flat-space spin-2 helicity modes. This is because (2.4) describes, in addition to the
helicity-2 degrees of freedom at each point, an extra global degree of freedom, in the sense that there is one extra global initial condition that needs to be specified to uniquely determine the dynamics. This shows up as an integration constant in the equations of motion and behaves as a tadpole term (a non-zero vacuum expectation value for h µν ). This is the linear analogue of the cosmological constant appearing as an integration constant in unimodular gravity.
To see this, first use the χ gauge symmetry to set h = 0; this leaves a residual transversediffeomorphism (TDiff) symmetry. Then taking a divergence of the equations of motion we find ∂ ρ (∂ µ ∂ ν h µν ) = 0, which can be integrated once to give 6) for some (gauge-invariant) constant c. Integrating this again gives
where x µ are the spacetime coordinates and a which shows that the integration constant c plays the role of a tadpole. 
Conformal scalar-tensor
We now have unrestricted diffeomorphism symmetry and Weyl symmetry,
The theory (2.9) can also be obtained by linearizing the conformally coupled scalar-tensor hη µν , but this is not an invertible transformation, so we must think if it as a shortcut for the Stückelberg procedure and gauge-fixing used to pass through the parent theory.
Traceless theory
Finally, a massless graviton can be described by a Lagrangian for a traceless tensorh µν ,
which has only TDiff gauge symmetry
We obtain this theory from the WTDiff theory by using the Weyl symmetry to eliminate the trace of h µν . Going the other way, we can obtain the WTDiff theory from the traceless theory by Stückelberging the trace:
hη µν . The traceless theory (2.11) can be formally obtained from Fierz-Pauli by setting h = 0, but this is not an algebraic gauge-fixing (such a fixing is not in general "legal" to perform in the action) so we should think of it only as a shorthand way of transforming between different theories.
The various massless theories and their relationships are illustrated in Figure 1 , where we show the transformations (both "legal" and "cheats") that can map between them. 
S tü c k e l b e r g t h e t r a c e 
Flat space massive theories
The relativistic equations that describe the dynamics of the
polarizations of a massive spin-2 particle of mass m are
We look for modifications of the above Lagrangians involving mass terms for the tensor field that yield these equations and hence propagate exactly the
degrees of freedom of a massive spin-2. For the case of linearized GR, the answer -which has been known since the work of Fierz and Pauli -is to to add the term − 1 2
The relative tuning between h 2 µν and h 2 is needed to ensure that only five degrees of freedom propagate in four dimensions -modifying this tuning introduces a ghost-like extra degree of freedom. Now we can also try adding a generic quadratic mass term to the massless WTDiff
Lagrangian, but in this case all such terms 10 give a Lagrangian that propagates six degrees of freedom, one of which is a ghost [3] . Thus, as noted by [3] , the WTDiff theory as compared
to linearized GR appears more rigid against massive deformations.
As we show below, there is a massive spin-2 theory with a Weyl-invariant kinetic term but this requires an auxiliary field, which is similar to the massive spin-2 theory as Fierz and
Pauli originally wrote it. This theory can be obtained by performing a truncated KaluzaKlein (KK) reduction on the massless WTDiff theory, and is related to massive Fierz-Pauli by field re-definitions and gauge-fixings. In what follows, we review how to find the massive Fierz-Pauli theory using KK reduction and then apply this technique to find the massive WTDiff theory and the massive conformally coupled scalar-tensor theory. The Lagrangians we find and some relationships between them are summarized in Figure 2 , generalizing Figure   1 to non-zero mass. 9 Fierz and Pauli first found the massive theory and then noted that this gave linearized GR in the massless limit. 10 Except the term proportional to h 2 , which gives a Lagrangian that propagates the correct number of massless degrees of freedom, as footnoted in Section 2. 
Traceless + vector 
Massive Fierz-Pauli
The Fierz-Pauli massive spin-2 theory, as usually written, is
Note that putting m = 0 gives back (2.2), although there is no smooth m → 0 limit since the number of degrees of freedom is different between the massless and massive theories [57, 58] .
The massive Fierz-Pauli theory can be obtained by performing a KK reduction of the higher-dimensional massless Fierz-Pauli theory and then truncating to a single massive sector of the resultant infinite tower of fields. This is a consistent truncation at the linear level that we can derive automatically by replacing H AB in the higher-dimensional action with
3) Since the higher-dimensional graviton satisfies the higher-dimensional gauge transformation,
we can get the lower-dimensional gauge transformations by also expressing Ξ A in terms of lower-dimensional Fourier modes,
and equating components.
Reducing the (D + 1)-dimensional massless Fierz-Pauli action in this way leads to
Redefining φ → −Dφ, to simplify later expressions, we end up with
which has the gauge symmetries
This Lagrangian, labelled "Fierz-Pauli Stückelberg" in Figure 2 , is just (3.2) after the Stückelberg procedure
In this case, A µ and φ are both Stückelberg fields that can be gauge fixed to zero (unitary gauge), giving back (3.2).
Massive WTDiff
Performing the KK reduction on the higher-dimensional WTDiff theory, (2.4), gives the massive WTDiff theory in the Stückelberg-ed form,
(3.14)
This action has the following gauge symmetries: 
The Lagrangian (3.14) can be simplified with the field re-definition
after which we end up with the Stückelberg-ed massive WTDiff theory, as represented in Figure 2 , 18) which has the gauge symmetries 19) and the constraint we can do is to eliminate either φ or A µ .
Gauge φ = 0
Eliminating φ from (3.18), we end up with a tensor-vector description of the massive spin-2 field, whose massless part is the WTDiff Lagrangian and a free Maxwell Lagrangian. To do this, we use ξ to set φ = 0. This gives:
which has the residual gauge symmetries 
The A µ equations and the divergence of the h µν equations then together imply
If we defineh 24) then the h µν equations give 25) and (3.23) gives
The fieldh µν inherits the gauge transformation δh µν = χη µν , so we can gauge fixh = 0.
Equations ( by the formal replacement
We emphasize that this is a not an invertible field re-definition or a Stückelberg transformation, just a formal replacement that we can make at the level of the action to generate the new theory.
Gauge
If we instead use ξ µ to gauge fix
∂ µ φ = 0 in (3.18), we are left with a scalar-tensor description of massive WTDiff. This gives
which has the residual gauge symmetries
Note that ξ is not left as a residual gauge parameter because it was constrained in terms of ξ µ by (3.20) .
It is instructive to see how the equations of a massive spin-2 field emerge from this
Lagrangian. The φ equation of motion is
and ∂ µ ∂ ν acting on the h µν equations of motion gives
h and substituting it into (3.31), we find that all the higher derivatives acting on φ cancel and we are left with m 4 φ = 0, which tells us that the scalar vanishes. Using this in (3.30), and in ∂ µ acting on the h µν equations of motion, then gives the constraint 32) and using it in the h µν equations gives
Now we can use the symmetry (3.29) to choose the gauge h = 0, and we recover the standard massive spin-2 equations (3.1). Thus φ is not dynamical, but rather its equation of motion combines with those of the tensor to enforce the transversality constraint, ∂ µ (h µν − 
and then re-packaging Dφ to be the trace of h µν ,
35) recovering (3.2). Going the other way, we can get (3.28) from the Fierz-Pauli theory (3.2)
by the replacement 36) which is a Weyl Stückelberg transformation followed by a field re-definition of the scalar.
Massive Traceless
Dimensionally reducing the traceless theory, (2.11), gives
with the gauge transformations 38) and the constraint
Here, the lower-dimensional h µν is not traceless, but there is no scalar field present because of the requirement that the higher-dimensional trace vanish. This theory can be obtained from either the Stückelberg-ed massive Fierz-Pauli theory (3.11) or the Stückelberg-ed massive WTDiff theory (3.18) by using the U (1) gauge symmetry ξ to fix φ = h/D. If we use the Weyl gauge freedom to fix h = 0 in the massive WTDiff theory with the scalar gauged away, (3.21), then this is the same as (3.37) after fixing h = 0 using the U (1), which we can do algebraically because of the constraint.
Massive Conformal Scalar-Tensor
As with the massless theories, we can find a parent theory which when gauge fixed gives either a massive Fierz-Pauli theory or massive WTDiff theory. Performing the KK reduction on the higher-dimensional conformal scalar-tensor theory, (2.9), gives
There are now two scalars: ϕ coming from the dimensional reduction of the higher-dimensional parent scalar and φ from the yy component of the graviton. Redefining φ → −(Dφ + ϕ) then gives the massive conformal theory, as represented in Figure 2 ,
To recover the Stückelberg-ed Fierz-Pauli theory (3.11) from (3.41), we gauge fix
Conversely, we can get the conformal theory from the Stückelberg-ed Fierz-Pauli theory by applying a Weyl Stückelberg transformation,
To recover the Stückelberg-ed WTDiff theory (3.18) from (3.41), we gauge fix
(3.45)
Massless limit of massive WTDiff
Taking the massless limit of (3.18) gives
(3.47)
In the massless limit, we expect the
massive spin-2 degrees of freedom to decouple into a massless spin-0, a massless spin-1 and a massless spin-2. The massless spin-1 decouples, but the scalar-tensor part contains cross terms that are not easily unmixed 11 . Nevertheless, this scalar-tensor Lagrangian still describes massless helicity 2 and 0 modes.
The equations of motion for the scalar-tensor part of this theory can be written as
with the constraint
for an arbitrary integration constant c. If we want a transverse-traceless tensor, then we need to pick the c = 0 solution, in which case the scalar is unsourced. For non-zero c, the scalar-tensor coupling acts on-shell like a constant source term for φ, which is why we can not un-mix the fields in (3.46) without imposing an extra constraint.
The above massless limit of the Stückelberg-ed form of the theory preserves the number of degrees of freedom. However, we can also consider setting m = 0 in ( 
This is clearly different from (2.4). The tensor here has full diffeomorphism and Weyl gauge symmetries, as in the conformally coupled scalar-tensor theory, but here the scalar also transforms. At the level of the equations of motion, we can gauge fix φ = 0, and then the equations of motion reduce to those of the massless WTDiff theory considered in 2.2.
Alternatively, we can recover the massless Fierz-Pauli Lagrangian by gauge-fixing h µν to be traceless using the Weyl symmetry and then re-packaging φ to be the trace of h µν . Thus, this theory also describes
propagating degrees of freedom and hence is an alternative scalar-tensor description of massless spin-2. The fact that we can set φ = 0 by hand in the Lagrangian (3.51) and still have a Weyl-invariant theory that propagates the same number of degrees of freedom is a peculiarity special to the massless theory. Indeed, if we by hand kill φ in (3.28), we introduce a ghost.
Curved space theories
In this section, for completeness, we generalize the results of Sections 2 and 3 to curved space. Interesting new features, such as the existence of partially massless theories in the massive case, arise only in curved space.
In this section all indices are raised and lowered with the background metric g µν and all covariant derivatives and curvature tensors are those of g µν . All linear Lagrangians, e.g. L F P , refer to the curved-space versions, and we omit the overall factor of √ −g.
As is well known, a massless graviton can only consistently propagate on an Einstein space, i.e. a space which solves the vacuum Einstein equations with cosmological constant Λ [59, 60] . The background quantities therefore satisfy
For a massive graviton, there is no such restriction, and it can propagate on any background [61] . However, for simplicity we will restrict to the Einstein case even for the massive actions.
To find curved space massless actions, we minimally couple the corresponding flat space action and then add curvature terms with coefficients chosen so as to maintain invariance under the gauge symmetries. To find curved space massive actions, we minimally couple the corresponding flat space action and then add curvature terms in such a way that any relevant constraints necessary to preserve the correct number of degrees of freedom are preserved.
Alternatively, we can find curved space massive actions in maximally symmetric backgrounds from higher-dimensional flat actions by performing a Kaluza-Klein reduction along a radial direction [62] .
Fierz-Pauli
The massless Fierz-Pauli Lagrangian in curved space is
This is the linearization of the Einstein-Hilbert Lagrangian with a cosmological constant,
, around an Einstein background (so that the full metric is g µν +2κh µν ).
It has the gauge symmetry
To get massive spin-2 in curved space, we simply add the Fierz-Pauli mass term,
The divergence of the equations of motion gives the constraints 4) and the trace and double divergence combine to give
then the trace is constrained, h = 0, but if 6) then the trace is unconstrained. We consider these two cases in turn.
Generic massive spin-2
we have the constraints
which when plugged into the equations of motion give the curved space Klein-Gordon equa-
This describes
propagating degrees of freedom, the same as for a massive spin-2 field in flat space.
Partially massless spin-2
The special value (4.6) of the background curvature relative to the graviton mass is the special case in which a scalar gauge symmetry emerges,
for scalar gauge parameter α, so that the resultant theory propagates one fewer degree of freedom than the generic massive graviton (for a total of four in four dimensions). This theory, called partially massless [63] , has been well studied at the linear level [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] and attempts have been made to extend this to a nonlinear theory, although there are obstructions [75] [76] [77] [78] [79] [80] . The equations of motion in this case, after using the divergence constraint (4.4),
WTDiff
The massless WTDiff Lagrangian (2.4) extended to curved space is
This is determined by ensuring the gauge symmetry
where
To find the curved space scalar-tensor massive WTDiff Lagrangian, we follow Figure 2 and make the replacement h µν → h µν − 
As expected, this reduces to (3.28) in the flat-space limit.
Combining the gradient of the equations of motion in the following way, we find a vector constraint, proportional to the mass, expected in a ghost-free theory,
Combining the φ equation of motion and ∇ µ ∇ ν acting on the h µν equations of motion in the following combination, 14) we find the following scalar constraint:
Here, as in the Fierz-Pauli case, we find two different possibilities depending on whether the graviton mass is at the partially massless point (4.6) or not.
, the condition (4.15) implies that φ = 0. Using the Weyl invariance to gauge fix h = 0, we then get the transverse condition (4.7) from the vector constraint (4.13), and we get the curved space massive spin-2 equation (4.8) from the h µν equations of motion, so the theory describes an ordinary massive spin-2 on the curved background, as we expect.
on the other hand, the condition (4.15) is identically satisfied, so (4.14) is identically zero which means the Lagrangian possesses a scalar Noether identity.
The associated gauge symmetry is the partially massless gauge symmetry in this language and reads of motion in the partially massless case can be written in the form (4.17) and the φ equation is identically satisfied after using (4.13).
Conformal Scalar-Tensor
The field replacements described in Figure 2 allow us to find the WTDiff theories from the corresponding Fierz-Pauli theories, bypassing the parent conformal scalar-tensor theory.
Nevertheless, we write down the curved-space versions of these parent theories both for completeness and because they may be of interest in their own right.
We find the curved-space version of (2.9) by making the replacement h µν → h µν + ϕ g µν in (4.2). This gives 18) which has linearized Weyl and unconstrained linearized diff gauge symmetries
This theory is the linearization of the conformally coupled Einstein scalar-tensor theory around a curved background.
According to Figure 2 , we should be able to get the curved-space version of the massive conformally coupled scalar theory through the following replacement in L mF P :
This gives 21) which has the gauge symmetries
This is the curved-space version of (3.41).
Coupling to matter
The various types of kinetic term, Diff and WTDiff, yield the same (gauge-fixed) equations of motion, up to an integration constant, since they are just different ways of describing the same propagating degrees of freedom. When coupling to matter, however, there can be differences in the allowable energy-momentum tensor to which the spin-2 field couples 13 .
Massless theories
The standard way to couple the massless Fierz-Pauli theory to a fixed external source T µν is by adding a term κ h µν T µν to (2.2), with κ the gravitational coupling. For the resultant theory to respect the gauge symmetry (2.3), we require that the source T µν is conserved,
where T ≡ T µ µ . This is the form of the sourced massless spin-2 equations as usually presented. For T = 0, we cannot find solutions satisfying both h = 0 and the harmonic gauge choice, so this is not a good gauge choice for comparison with WTDiff. If we instead gauge fix h = 0 but not harmonic gauge, then the equations of motion are with the residual gauge invariance δh µν = ∂ µ ξ
. This is now in a form directly comparable to WTDiff.
We couple the massless WTDiff theory to a fixed external sourceT µν by adding a term κh µνT µν to (2.4). For the resultant theory to satisfy the gauge symmetry (2.5), we require that
for some scalar field Φ, whereT ≡T µ µ . These conditions are satisfied bỹ
where T µν is a conserved source, ∂ µ T µν = 0. Coupling h µν to (5.4) is also suggested by the horizontal line in Figure 1 , and this is what we consider henceforth 14 . This coupling implies that contributions to the conserved source that are a constant multiple of the background metric, i.e. cosmological constant contributions, do not appear in the massless Weyl-invariant action. However, as we will now see, contributions proportional to the background metric reappear through an arbitrary integration constant. First, fix h = 0 using the Weyl symmetry. Then, acting on the h µν equations of motion with ∂ µ gives, after integrating,
where c is an arbitrary integration constant. Plugging this back in the h µν equations of motion gives 14 We could also add toT µν terms of the form (∂ µ ∂ ν − 1 D η µν )θ for any scalar θ, corresponding to the terms of the form (∂ µ ∂ ν − η µν )θ that can be added to the source in the Fierz-Pauli theory. These are the identically conserved "improvement" terms.
Massive theories
If we couple massive Fierz-Pauli to matter by adding a term κ h µν T µν to (3.2), then there is no gauge invariance to mandate that T µν be conserved. Nevertheless, it is simpler (and physically reasonable) to assume a conserved source, so we proceed with this assumption.
The equation of motion is then
In the massive WTDiff theory, we can know about the trace of the energy-momentum tensor by coupling to the auxiliary field, unlike in the massless case. Indeed, such a coupling naturally arises when we apply the field replacement h µν → h µν − and assume a conserved source, then the equations of motion for h µν and φ can be combined to give
The scalar is thus completely determined in terms of the source and hence is again nondynamical. The equations for h µν can then by given by
(5.10)
Equations (5.9) and (5.10) together imply the full equations of motion, assuming appropriate boundary conditions and a conserved source; if we identify φ with h/D, then these are equivalent to the trace and traceless components of (5.7), respectively, so that the massive WTDiff theory is physically equivalent to massive Fierz-Pauli even when coupled to matter.
The reason for this is clear; in the massless case, there was no scalar field and so contributions to the source proportional to the background could not couple, but the massive theory requires an auxiliary field to propagate the correct number of spin-2 degrees of freedom and this auxiliary field can couple to cosmological constant contributions. Of course, what matters is the coupling of these spin-2 fields to other degrees of freedom; these degrees of freedom will not know about a cosmological constant if they are coupled only to h µν , but they will if we allow couplings to the scalar field.
Discussion
We have found linear Lagrangians that describe a massive spin-2 particle using a kinetic term that is locally Weyl and transverse-diffeomorphism invariant. This extends to the massive case the second of two theories of a massless spin-2 Lagrangian built from a symmetric rank-2 tensor field. We found that some form of auxiliary field is a necessary ingredient in writing down such theories, and that these naturally arise from a Kaluza-Klein construction.
Moreover, using the fact that the Fierz-Pauli and WTDiff theories can be viewed as different gauge-fixings of a conformally coupled scalar-tensor theory, we were readily able to find the curved-space versions of these theories, bypassing a higher-dimensional construction.
We discussed in detail the partially massless theories in this description.
Interestingly, the massless limit of the massive WTDiff theory defined with an auxiliary scalar differs from the usual massless WTDiff theory, since the scalar survives the massless limit. However, this Lagrangian is invariant under full Diff and Weyl gauge transformations, so still propagates the correct number of degrees of freedom.
Many of these results extend nonlinearly [81] . The nonlinear version of WTDiff is a
Weyl-invariant version of unimodular gravity, discussed in [3] . There should be a massive version of this nonlinear WTDiff theory, analogous to the dRGT ghost-free massive gravity that is built on the Einstein-Hilbert kinetic term. This should be fully equivalent to dRGT in terms of locally propagating degrees of freedom, but may differ in global degrees of freedom and matter couplings. Another possible direction to explore is the massive generalization of the TDiff scalar-tensor theories discussed in [3] and elsewhere. 
